Oriental Journal of Physical Sciences

Vol. 2(1), 07-15 (2017)

Wijsman Rough A Statistical Convergence of Order
o of Triple Sequence of Functions

A.ESI'*, N.SUBRAMANIAN? and M. AlYUB?

'Adiyaman University, Department of Mathematics,02040, Adiyaman, Turkey.
2Department of Mathematics, SASTRA University, Thanjavur-613 401, India.
3Department of Mathematics, College of Science University of Bahrain,
P.0.Box-32038 Manam, Kingdom of Bahrain.
*Corresponding author E-mail: aesi23 @hotmail.com

(Received: March 13, 2017; Accepted: March 27, 2017)

ABSTRACT

In this paper, using the concept of natural density, we introduce the notion of Wijsman rough
A statistical convergence of order o triple sequence of functions. We define the set of Wijsman
rough A statistical convergence of order o of limit points of a triple sequence spaces of functions
and obtain Wijsman A statistical convergence of order o criteria associated with this set. Later, we
prove that this set is closed and convex and also examine the relations between the set of Wijsman
rough A statistical convergence of order o of cluster points and the set of Wijsman rough A statistical
convergence of order o limit points of a triple sequences of functions.

Keywords: Wijsman rough A“ statistical convergence, Natural density,
triple sequences of functions, order a.

INTRODUCTION

The idea of statistical convergence was
introduced by Steinhaus' and also independently
by Fast 2 for real or complex sequences. Statistical
convergence is a generalization of the usual notion of
convergence, which parallels the theory of ordinary
convergence.

Let K be a subset of the set of positive
integers NxNxN, and let us denote the set
{(m,n,k)e Kim<u,n<v,k<w} by K_uvw. Then the
natural density of K is given by

8(K) = limyny 0 %;

where IK | denotes the number of
elements in K . Clearly, a finite subset has natural
density zero, and we have §(K° )=1-6(K) where

Ke=N\K is the complement of K. If K.cK,, then

8(K,)< (K, ). T

Throughout the paper, R denotes the
real of three dimensional space with metric (X,d).
Consider a triple sequence x=(x_mnk ) such that
X,.& R,m,n,keN.

A triple sequence x=(x_, ) is said to be
statistically convergent to Oe R, written as st-limx=0,
provided that the set

{(m,n,k)e N,:Ix_mnk,0l>}
has natural density zero for any €>0. In this case, O is
called the statistical limit of the triple sequence x.

If a triple sequence is statistically
convergent, then for every €>0, infinitely many
terms of the sequence may remain outside the
- neighbourhood of the statistical limit, provided that
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the natural density of the set consisting of the indices
of these terms is zero. This is an important property
that distinguishes statistical convergence from
ordinary convergence. Because the natural density
of a finite set is zero, we can say that every ordinary
convergent sequence is statistically convergent.

If a triple sequence x=(x_, ) satisfies some
property P for all m,n,k except a set of natural density
zero, then we say that the triple sequence x satisfies
P for almost all (m,n,k) and we abbreviate this by a.a.
(m,n,Kk).

Let(x 1)) be asub sequence of x=(x ). If
the natural density of the set K={(mi,nj,k|)e N,:(i,j,1)e N3}
is different from zero, then (x, ,,) is called a non thin
sub sequence of a triple sequence x.

ceR is called a statistical cluster point of
a triple sequence x=(x_ ) provided that the natural
density of the set

{(m,n,k)eN2:Ix_  -cl<e}

is different from zero for every £>0. We denote the
set of all statistical cluster points of the sequence
xbyT..

A triple sequence x=(x_, ) is said to be
statistically analytic if there exists a positive number
M such that

3({(m,n,k)e N&:Ix_mnk [Vmas>M} )=0

The theory of statistical convergence
has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory,
approximation theory, fuzzy set theory and so on.

The idea of rough convergence was
introduced by Phu®, who also introduced the concepts
of rough limit points and roughness degree. The
idea of rough convergence occurs very naturally in
numerical analysis and has interesting applications.
Aytar! extended the idea of rough convergence
into rough statistical convergence using the notion
of natural density just as usual convergence was
extended to statistical convergence. Pal et al. 7
extended the notion of rough convergence using
the concept of ideals which automatically extends

the earlier notions of rough convergence and rough
statistical convergence.

Let (X,p) be a metric space. For any non
empty closed subsets f,f  cX(m,nkel ), we say
that the triple sequence of functions of (f__ ) is
wijsman A statistical convergent of order o to f is the
triple sequence of functions (d(f_,x) ) is statistically
convergent to d(f,x), i.e., for e>0 and for each fe X

lim,, 1/ ) {m,nk)el sd(f,x)-d(Ex)>} 1=0

In this case, we write St-lim__ f _=f or
f.—f(WS). The triple sequence of functions of

(f..i ) is bounded if sup__ d(f_ x)<e for each fe X.

In this paper, we introduce the notion of
Wijsman rough statistical convergence of order o
of triple sequence of functions. Defining the set of
Wijsman rough rA* statistical convergence of order
o limit points of a triple sequence of functions, we
obtain to Wijsman ri“ statistical convergence of order
o criteria associated with this set. Later, we prove
that this set of Wijsman ri“ statistical convergence
of order o of cluster points and the set of Wijsman
rough rA® statistical convergence of order o limit
points of a triple sequence of functions .

The o- density of a subet E of N. Let o be
a real number such that 0<a<1. The a- density of a
subet E of N is defined by

& (E)=lim , 1/(rst)* |{m<r,n<s,k<t:(m,n,k)e E}I

provided the limit exists, where
[{m<r,n<s,k<t:(m,n,k) E}| denotes the number of
elements of E not exceeding (rst).

It is clear that any finite subset of N has a
zero o, density and &* (E°® )=1-6* (E) does not hold
for O<oi<1 in general, the equality holds only if a=1.
Note that the a- density of any set reduces to the
natural density of the set in case a=1.

A triple sequence (real or complex) can
be defined as a function x:NxNxN—R(C), where
N,R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The
different types of notions of triple sequence was
introduced and investigated at the initial by Sahiner
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et al. ®'°, Esi et al. 24, Datta et al. 5]Subramanian
et al.'', Debnath et al. ¢, Esi et al.'?, and many
others.

Throughout the paper let r be a nonnegative
real number.

Definitions and Preliminaries
Definition

A triple sequence of functions (f_, ) and
oe (0,1] said to be Wijsman ri®- convergent to the
function f denoted by f_ —"«f, provided that Ve>0
A(me,n k. )e N>m=m_n=n_k>k =lim - 1/(A“ )
I{(m,n,k)el :Id(f_.x)-d(fx) I<r+e} =0

mnk’

The set

1 g
LM™ = {fe R =™ f]

is called the Wijsman ri*- statistical convergence
limit set of the triple sequences of functions.

Definition

A triple sequence of functions (f_, ) and
oe (0,1] said to be Wijsman ri®- convergent to the
function f denoted by f_ —™f, if LIM™f £ ¢. In
this case, rA* is called the Wijsman rA“ convergent
to the functions of degree of the triple sequence
of functions f=(f ). For r=0, we get the ordinary
convergence.

mnk

Definition

A triple sequence of functions (f_, ) and
oe (0,1] said to be Wijsman rA®- convergent to the
functions f denoted by f  —™«{, provided that the
set

mnk

lim_1/(A

rst

M(mnk)el cld(E x)-d(f,x)I>r+e} 1=0

rst
has natural density zero for every >0, or equivalently,
if the condition

st-limsupld(f__ ,x)-d(f,x) I<r

mnk’

is satisfied.

In addition, we can write f_ —™* ' f if and
only if the inequality

lim, 1/(A )(m.n,K)el :1d(f,x)-d(f,x) I<r+€} 1=0

holds for every €>0 and almost all (m,n,k).
Here rA* is called the wijsman ri* roughness of
degree. If we take r=0, then we obtain the ordinary
Wijsman statistical convergence of triple sequence
of functions.

In a similar fashion to the idea of classic
Wijsman rA“ rough convergence, the idea of Wijsman
rA* rough statistical convergence to the triple
sequence spaces of functions can be interpreted
as follows:

Assume that a triple sequence of functions
=(f .. ) is Wijsman ri* statistically convergent to the
functions and cannot be measured or calculated
exactly; one has to do with an approximated (or
Wijsman ri* statistically approximated) triple
sequence of functions of f=(f ) satisfying
ld(f_.x-y)-d(f,x-y) I<r for all m,n,k (or for almost all
(m,n,k), i.e.,

8(lim,, /(A
I>r} 1)=0.

Y{(m,n,k)e l_rst:ld(f_,,x-y)-d(f,x-y)

rst

Then the triple sequence of functions f__ is
not rA“ statistically convergent to the functions any
more, but as the inclusion

lim,, 1/, {ld(f_mnk,y)-d(fy) I>e}olim , 1/(A_)
~(2.1)

{ld(f . X)-d(f,x) |=r+€}
holds and we have
S(lim , /(A {(m,nk)el :Id(f_.y)-d(f,y) I>€}l )=0,

i.e., we get

d(lim _, 1/(ne
d(f,x)I=r+¢}l)=0,

o )H(mon k)el 1d(f  ,Xx)-

i.e., the triple sequence spaces of functions
of f_ is Wijsman rA°- statistically convergent to the
functions in the sense of definition (2.3)

In general, the Wijsman rough ri* statistical
convergence to the functions of limit of a triple
sequence of functions may not unique for the
Wijsman roughness degree r>0. So we have to
consider the so called Wijsman rA®- statistical
convergence to the functions of limit set of a triple
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sequence of functions of (f
by

), which is defined

mnk

st-LIM(rA») £ ={fe R:f | —™st) f}.

The triple sequence of functions of f_mnk
is said to be Wijsman ri*- statistically convergent to
the functions provided that st-LIM(rAa. ) f__ #¢. It is
clear that if st-LIM(rA®) f__ #¢ for a triple sequence
of functions (f_ ) of real numbers, then we have
st-LIMA(rA> ) f

=[st-limsupf__ -r,st-liminff __ +r]

(22)

mnk mnk

We know that LIM™* =¢ for an unbounded

triple sequence of functions of (f_ ). But such a
triple sequence of functions of might be Wijsman
rA* rough statistically convergent to the functions.
For instance, define
(—1)==k,

A(f i, X) = {(‘mnk), otherwise

if(m,n, k) % (i, , £2(i,j, £ € N),]
in R. Because the set {1,64,739,-} has natural
density zero, we have

. $, ifr <1,
st — LIM™ fm—[[l rr—1], atherw;se}

and LIM?*f__ =¢ for all r=0.

As can be seen by the example above,
the fact that st-LIM™* ) f ¢ does not imply LIM™
f ..#0. Because a finite set of natural numbers has
natural density zero, LIM™*{ ¢ implies st-LIM?*)
f_#¢.Therefore, we get LIMP) f  cst-LIMPMe f
This obvious fact means {r>0:LIM*) f__ #¢}c{r>0:st-
LIMP* ) f_mnkz@} in this language of sets and yields
immediately

inf{r=0:LIM™ { __ #@}2inf{r>0:st-LIM™ { __ #(}.

mnk
Moreover, it also yields directly diam(LIM?*>
f . )<diam(st-LIM™ ) f__ ).

RESULTS

Theorem

A triple sequence of functions (f__ )
and oe (0,1] be any real number of Wijsman ri*
statistically convergence to the functions, we have
diam(st-LIMe* f__ )<2r. In general diam(st-LIM?*

f .. ) has an upper bound.

Proof

Assume that diam(st-LIMP*) f__ )>2r. Then
there existw,ye st-LIMP*) f__ such that Iw-yl|>2r. Take
e (0,Iw-yl/2-r). Because w,ye st-LIMP*) f__ , we have
d(K, )=0 and §(K, )=0 for every £>0 where

K=lim_ 1/(A_ )i{(m,nk)el :1d(f_x)-d(f,w) [=r+e}
|=0 and
K=lim_ 1/(x ) {(m,n,k)el :1d(f_.x)-d(fy) [=r+e}

[=0.

Using the properties of natural density, we
get 8(K °,n K¢, )=1. Thus we can write

Iw-yl<Id(f_ . x)-d(f,w) I+ld(f__ x)-d(fy) |
<2(r+e)=2(lw-yl/2)=Iw-yI
for all (m,n,k)e K°, N K¢,, which is a contradiction.

Now let us prove the second part of the
theorem. Consider a Wijsman triple sequence of
functions of real numbers of (f_ ) such that st-
limf_ =f. Let e>0. Then we can write

8(tim,_, 1/ ) {(m,n,k)el_:1d(f__x)-d(f,x)I>e} 1)=0.

We have

ld(f..x)-d(f,y) I<ld(f
I<ld(f,_x)-d(f,x) l+r

d(f,x) |+Id(f,y)-d(f,y)

mnk'x)-

A fnte, ¥) € Bpaa () = limnygy ——
for each 3m

€ L WMoz, ¥) — d{f,x)| <1l

HGu,n, k)

Then we get Id(f,y)-d(f_,.y) I<r+e for each

(m,n,k)elim  1/(A* ) {(m,n,k)el ;:1d(f_,.x)-
d(f,x) I<e} 1=0. Because the triple sequence of
functions of real numbers of f_ is Wijsman
statistically convergent to the functions of f, we
have

8(lim,_, 1/ {(m,n.k)el x)-d(f,x) I<e}l )=1

( mnk’

Therefore we get yest-LIM™ f__
we can write

. Hence,

UMYy —Baa(f)
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Because dm(ﬁﬂa(f)) — 2+ ,thisshows
that in general, the upper bound 2r of the diameter
of the set st-LIM™*) f _ is not an lower bound.

Theorem

Let r>0. A triple sequence of functions
(. @nd 0 (0,1] be any real number of (d(f_ ,.x) is
Wijsman ri*- statistically convergent to the functions
of f if and only if there exists a triple sequence of
functions (d(f_,.y) such that st-limf__ =fand ld(f_.x-
y)-d(f,x-y) I<r for each (m,n.k)el .

mnk?

Proof
Necessity: Assume that f_—"'f.

Then we have

st-limsupld(f

x)-d(f,x) I<r. ..(3.1)

mnk?’

Now, define

» (e, x) — A, )| <7,

.
— d(f,x) — d(famz . x) .
A(foni, ¥) = (d(fmk,x) +r (m), otherwise,

NdGne, ¥) — d(f,5)
(lf fl lfld(fmk B)-d{f,x)l<r,

N w5 —der. 0 7 (If 1 18, 3) — A, 2

[, ) — 2,2 ) otherwise,

b i 1d(fpne, %) — d(f, )| <71,

M(fos. ¥) —d(F. ¥ = (‘I:I(f_m.k ) —d{f, ) — r(M\ otherwise,
\ldGmnz, x) —d (£, 2

0, ifld(funm.x) —d{f. 0| <T,
M (fenz, ¥) — (£, ) = (Id(ﬁm,x) —d(f,x)| -, otherwise

We have Id(f_mnk,y)-d(f,y) I=Id(f_mnk,x)-
d(f,x) I-r ld(f_mnk,x)-d(f,x)-d(f_mnk,y)+d(f,y) I<r
|d(f_mnk,x-y) I<r ...(8.2)
for all (m,n,k) I_rst. By equation (3.1) and by definition
of d(f_.y), we get st-limsupld(f__y)-d(f,y) |=0.
=st-limf_ —nef,
Sufficiency

Because st-limf__ =f, we have
3(lim
[>e}1)=0

(e ) (mnk)el c1d(f_y)-d(f.y)

for each >0. It is easy to see that the inclusion

{(m,n,k)el :ld(f_mnk,y)-
2{(m,n,k)el :ld(f

d(fy) I>e}
e X)-A(F,X) [2r+€}
holds. Because &(lim , 1/(A
d(fy) =€} | )=0, we get

*) {(m,n,K)el :1d(f .y)-

rst

8(lim _1/(\

. (mnk)el _cId(E x)-d(f,x) [>r+e}l)=0

rst: ( mnk’

Remark

If we replace the condition Id(f_,x-y) I<r
for all (m,n,k)el , in the hypothesis of the Theorem
(3.2) with the condition

d(lim
is valid.

10 ) {m,n,K)el :1d(f,x-y) >} 1)=0

( mnk’

Theorem

For an arbitrary cel’ of Wijsman ri“
statistically convergence to the functions of (d(f_ X))
we have [f-cl<r for all fe st-LIM™> ) f__ .
Proof

Assume on the contrary that there exist a
pointce T, and fest-LIM*f  suchthat If-cl>r. Define
e:=(If-cl-r)/3. Then

{(m,n,k)el :ld(f,x)-cl<e}c{(m,n,k)el :Id(f_.x)-
d(f,x) I>r+¢€} ..(3.3)
Since ceT’, we have
S(lim /(A ) {(m,n,k)el :1d(f__ x)-cl<e} )20

Hence, by (3.3), we get

d(lim
| )0,

Yo ) mnk)el JdE x)-dEx) [2re)

rst mnk'X)-

which contradicts the fact f € st — LIM™"f
Proposition

If a Wijsman ri“ statistically convergence
to the functions of (d(f_,.,x) ) is analytic, then there
exists a non-negative real number r such that
st—LIMA"f o+ + ¢.

Proof

If we take the Wijsman rA* statistically
convergence to the functions to be Wijsman ri*
statistically convergence to the functions of analytic,
then the of proposition holds. Thus we have the
following theorem.
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Theorem

A triple sequence of functions (f_, ) and
o< (0,1] be any real number of (d(f_,x) ) is Wijsman
rA* statistically convergence to the functions of
analytic if and only if there exists a non-negative real
number r such that st — LIMYA"f, . + .

Proof

Since the triple sequence of functions of
d(f_..Xx) is Wijsman rA* statistically convergence to
the functions of analytic, there exists a positive real
number M such that

& (Iimm % {(m, 1, k) € Ery: 1A fpnze, XIPFPH0HE > M}|) =0
St

Define

r = sup(ldopme , D™ (mym, ) € Ly,)

K= lim,, J% |{(m,n,k) E Lyt |d(fm,x)|lfm+n+t > M}I

Then the set st — LIM™™ £, contains the
origin of R. So we have st — LIM™" £, # ¢ .

If st —LIM™ f . + ¢ for some >0, then
there exists d(f,x) such that f € st — LIM™ £, ¢,
f_mnk, i.e.,

s (umm lim [{em,n, k) € Bse: W (Fri, %) — d(F, D) PFm4E = 1 s}I) =0

for each £>0.Then we say that almost all d(f_ ,,x) are
contained in some ball with any radius greater than
r. So the triple sequence of functions of d(f_.x) is
Wijsman rA“ statistically convergence to the functions
of analytic.

Remark

Iff '=(f,..i,1j,g,) is a sub sequence
of functions of (f ), then LiMA%f .
LIM™°f . But it is not valid for Wijsman ri®
statistical convergence to the functions. For
Example: Define

k), if(mnk) =G 58P0 0L €L),
d{fome, x) = {D, otherwise }

of real numbers. Then the triple sequence of
functions of f'=(1,64,739,...) is a sub sequence of
functions of f. We have st —LIM™“f_. = [, 7]
and st — LIMT°f © — ¢

Theorem

Letf "= (fmﬂi h) isanonthin sub sequence
of functions of Wijsman ri°statistically convergence
to the functions of f=(f , then st— g, csi—
UM,

mnk )

Proof: Omitted.

Theorem

The Wijsman rA- statistical convergence to
the functions of limit set of a triple sequence to the
functions of (f_, ) is closed.
Proof

If st = LIM™ fo # ¢, then it is true. Assume
that st — LIM™°f,,.. # ¢, then we can choose a triple
sequence of functions of (d fmmi¥)) € st = LIM™f,
such that d(fuwy) =™ d(f,y) as m,n,k—e. If we
prove that f e st — LIM™“f, ... then the proof will be
complete.

Let €50 be aiven Reraiica
At y) =" d(F,),3 (me,ne, ke) € lyse
2 2 2

such that
[d o ¥) — d(f, 9] <§ forall m > me n > ne k > ke.

2 2 2

Now choose an (m, n, k, )el , such that
m >me/2,n >ne/2,k >ke/2. Then we can write

|d(fmangr ) = A0 9] <5

On the other hand, because (d(f_ .y))cst-
LIM™ £, we have d(fumgneky ) € st = LIM™ 0
namely,

8 (1imrac = [{ 0 1.0) € b e ) = Ao 27 +3H) = 0 (3 4

Now let us show that the inclusion

U o) = 01 < 7+ ) 2 {ldnse ) = A fromaio V)| <745} (3.5)

holds. Take
(.0 € {On, .k € Lo): Ao ) = A(Frngmore ¥)| < 7+

Then we have
[dFrnnier ) = d(Fingnoro ¥)| <7 +

£
2

and hence
|d(fiye.x) = d(F. 9| < [d(fige. x) = d(fangnoro Y| +

A . £ €
|d(/‘m0nck0,y)— d(fo,y)| <r +E+E <r+e
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i.e., (i,je{(m,nk)el :Id(f_.x)-d(fx) I<r+e} which
proves the equation (3.5). Hence the natural density
of the set on the LHS of equation (3.5) is equal
to 1.Sowe get 3(lim , 1/(A* ) {(m,n,k)el :Id(f
d(f,x) [>r+e} | )=0

mnk’ )

Theorem

The Wijsman rA>- statistical convergence
to the functions of limit set of a triple sequence of
functions of (d(f_,.,x) ) is convex.
Proof

Let fifa€st—LIM™*f . for the triple
sequence of functions of (d(f_,.x) ) and let e>0 be
given. Define K =lim  1/(A* ) l{(m,n,k)el :Id(f
d(f,,x) I=r+¢} I=0 and

mnk’ )

hmm G n k) € Lt dUfmie ) — d(fo 20l =7 + e} = 0.

Because
fi-f2 € st — LIM™f, ... we have
8(K;) = 6(K,) = 0. Thus we have

ld(fonnzer ) — [(1 = A%)d (fr, %) + Ad (. )]

= |0 =2 (d(framer 1) — d (/1. %)) + A frpser¥) — d(fp )| <7+ &,
for each (m,n, k) € (Kf N:: k) and each Ae[0,1], and
o€ (0,1]. Because §(Kf N kf) = 1,, we get

ey Y

)-o

a(zmm {0m 1) € B [ G 0 -

=,

e., [(1 = 27)d(fy, x) + 2d(f, )] € st — LIM™ fp,
which proves the convexity of the set st — LIM"*f,...

Theorem

A triple sequence of functions (f_, ) and
o< (0,1] be any real number of (d(f,_,.,x) ) of Wijsman
rA* statistically converges to the functions of f if and
only if st — LIM™ (d(frunier ) = Byae(d(f, x)).

Proof
We have proved the necessity part of this
theorem in proof of the Theorem (3.1).

Sufficiency

Because st — LIM™ (d{(fpmg, %)) = B,z
(d(f.x)) # ¢, then by Theorem (3.5) we can say that
the triple sequence spaces d(f__,x) is Wijsman ri*
statistically convergence to the functions of analytic.
Assume on the contrary that the triple sequence
of functions of (d(f,x) ) has another Wijsman ri*

statistical convergence to the functions of cluster
point (d(f,x))" different from d(f,x). Then the point

- b (d

— (a0 - (@)
|aef. 20— (@dr.0)7 | ez

(Li(f,x)) =d(f,x) +

satisfies

(@)= (@) !

—d(0) — (d(fm) i

7@‘%) i |(d(f,x)f(d(f,x))')

|(atr. )~ (aer20) |
4 TA% 2
=|d(f,x) — (d(f,x) —(d(f,x) - (d(f,x)
|acr ((f)|+|d(f)(d(f))|((f (@r0)")

|a(f,x) — (a(r.00) |7 |a(f,x) - (atr, 0) |+r>r
Because (d(f,x))') is a Wijsman ri“
statistical convergence to the functions of
cluster point of the triple sequence of functions
of d(f_ .x), by Theorem (2.4) this inequality
implies that d(f.x) & st — LIM™(d(f,x)). This
contradicts the fact |d(f,x) —d(f.x)| =r and
st — LIM™*(d(f, x)) = B,;«(d(f,x)). Therefore, d(f,x)
is the unique Wijsman ri“ statistical convergence to
the functions of cluster point of the triple sequence
of functions of d(f_.x). Hence the Wijsman ri“
statistical convergence to the functions of cluster
point of a Wijsman rA“ statistically convergence to
the functions of analytic is unique, then the triple
sequence of functions d(f_ ,x) is wijsman ri“

statistically convergent to the functions of d(f,x).

Theorem

Let (R3,1.,.1 ) be a strictly convex
space and (d(f mnk,x) ) be a triple sequence of
functions and oe(0,1] be any real number, if
there exist yi.y, € st — LIM™*(d(f,x))such that
|[d(f.y) — d(f.y,)| = 2rthen this triple sequence of
functions is Wijsman r\* statistically convergent to
the functions of 1/2 (d(f,y, )+d(f,y,)).

Proof
Assumethatz € [(ycr, . 1)) Theny,y,e

st — LIM™ (d(fypie, %)) (A(70%)) implies that

I(d(fy, ) )-zI< r andl(d(fy, ) )-zl<r ..(3.6)

by Theorem 3.4. On the other hand, we have

2r=I(d(fy, ) )-(d(fy, ) ) I<Id(fy, ) )-zI+l(d(Ry,) )-2!
(37)
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combining the inqualities (3.6) and (3.7),
we get I(d(f,y, ) )-zI=I(d(f,y, ) )-z|=r. Because

172 ((d(ty, ) )-(d(ty, ) ) )=1/2 [(z-(d(fy, ) ) )

+(-z+(d(fy,) ) ) ] ...(3.8)
and I(d(f,y, ) )-(d(fy, ) ) I=2r, we get [1/2 ((d(f,y,))-
(d(f,y, ) ) ) |=r. By the strict convexity of the space
and from the equality 3.8, we get

172 ((d(ty, ) )-(d(ty, ) ) )=(z-(d(f,y,)))=
(-z+(d(f,y,))) which implies that z=1/2((d(f,y, ))
+(d(f,y,))). Hence z is the unique Wijsman ri“
statistical convergence to the functions of cluster
point of the triple sequence of functions of (d(f,x) ).

On the other hand, the assumption
V..Y,€ st — LIM™(d(fypnery)) implies that
st — LIM™“f = 0- By Theorem 3.6, the
triple sequence of functions of (d(f_,.y) ) is rA*
statistically convergence to the functions of analytic.
Consequently, the statistical convergence to the
functions of cluster point of a Wijsman ri“ statistically
convergence to the functions of analytic is unique,
then the triple sequence of functions is Wijsman
ri> statistically convergent to the functions of

stlim(d(f,,,.¥)=1/2 ((d(fy, )+(d(f.y,))).

Theorem
(a) If ceT, then
st — LIM™ (d(fynnper X)) € Brpalc) ...(3.9)
(b) st — LIM™ (d(fymie ¥)) = Neer, Brae(c)
=1(d(f, ) € R%: T, € B,ja ((d(f,x))
{ g ) .(3.10)

Proof
(a) Assume that (d(f,x)) € st — LIM™*(d(fuu,x)) and
cel,. Then by Theorem 3.4, we have

[(d(f,x) )-cl<r;

other wise we get

6(limﬁt%{(m,n,k) € oot | (i 0) — (A 20)| 2 7+ g}) £0

for e=(l(d(f,x) )-cl-r)/3. This contradicts the fact
(d(f,x))€ LIM™* (d(fymier ©))-

(b) By the equation (3.9), we can write

st — LIMTAu(d(fmn}cix)) & nL‘EFX Erl"(c) (31 1)

Now assume that 4 € Neer, Bra<(c), Then

we have
[(d(f,y) )-cl<r

for all ce T, which is equivalent to 1, < B, «((d(f,»))
ie.,

Neer, Braa(e) < {(d(f,)) € BT, € Brse ((dCF,00))}
..(3.12)
Now let (d(f,y))e st-Lim™ (d(f_,.x) ). Then
there exists an €>0 such that

a(u%ﬁﬂi{(m, 0 ) € Lt | (dCF.20) — (dF )| = 7 + g}) <0

the existence of a Wijsman rA“ statistical convergence
to the functions of cluster point ¢ of the triple
sequence of functions of (d(f__,x) ) with I(d(f,y)

mnk’

)-cl>r+e, i.e., T, UB, 32 ((d(fy))) and
(@i ) € {f € BT, € By e ((d(F,0)))-

H ence d(frm}kiy) Est — LIM;AQ(d(fmnk'x))
follows from

Ul funer ) € {(d(f,)) € R C B ((d(f,x)))}. ie.,

{(d(7,2)) € BT, © B ((d(F,0))} & st — LIM™ (d(fymio x))
.(3.13)

Therefore the inclusions (3.11)-(3.13)
ensure that (3.10) holds.
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