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Abstract

@

We have generated many new non-travelling wave solutions
by executing the new extended generalized and improved
(G'/G)-Expansion Method. Here the nonlinear ordinary differential
equation with many new and real parameters has been used as
an auxiliary equation. We have investigated the Fisher equation
to show the advantages and effectiveness of this method.
The obtained non-travelling solutions are expressed through
the hyperbolic functions, trigonometric functions and rational
functional forms. Results showing that the method is concise,
direct and highly effective to study nonlinear evolution equations
those are in mathematical physics and engineering.
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Introduction

NLEE is one of the most powerful and important
model equations among all equations in nonlinear
sciences and it plays a dynamic role in the field of
scientific work or engineering sciences. Those reveal
a lot of physical evidence which help to understand
better in real world problems. That is why the explicit
solutions of NLEEs play significant role in the study
of physical phenomena and remains a crucial field
for researchers in the ongoing investigation. For

the past few decades and so on, a vast research
has been carried out to find explicit solutions of
NLEEs, and for that substantial work are being
made by mathematicians and scientists and have
developed effective and convincing methods such
as the Hirota’s bilinear transformation method,! the
tanh-coth method,?® the Exp-function method,*5
the F-expansion method,® the Jacobi elliptic
function method,” the Weierstrass elliptic function
method, the homogeneous balance method,® the
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sine —cosine method,® the homotopy perturbation
method,' the direct algebraic method,'? the
Backlund transformation method,' the Cole-Hopf
transformation method,'* and others.'>¢

In 2008, Wang et. al.,'” presented a method called
the basic (G/G) - expansion method for the traveling
wave solutions of NLEEs. This (G7/G) method shows
that it is one of the most powerful and effective
method to solve NLEEs since it gives a clear and
short to the point results in terms of hyperbolic
functions, trigonometric functions and rational
functional form that is why scientists have carried
out a lot of researches to construct traveling wave
solutions via this method such as Zayed et. al.,'®
Feng et. al.,’® Naher and Abdullah?®°and so on.

Further research of (G/G) method has been
continued by a group of researchers to show the
possible productivity of the application. For example-
Zhang et. al.,*' expanded the (G/G) - expansion
method and named as the improved (G7G) method.
Vital role of analytical solutions many scientists are
continuing their research using aforementioned
method for NLPDEs.???5 |In the meanwhile, Naher
and Abdullah demonstrated a new method that is
the new approach of the (G/G) method and the new
approach of the generalized (G”/G) method where
nonlinear ODE was used as auxiliary equation and
the resulted travelling wave solutions of this method
quite different. Still research is carried out using the
(G7G) method to generate many new travelling wave
solutions of NLEEs.

In this paper, we have executed the new extended
generalized and improved (G’G) - expansion method
Naher and Abdullah,?” to illustrate the effectiveness
of this method. To do this we have taken the Fisher
Equation. As a result many new and more general
non-travelling wave solutions are obtained. The rest
of the paper is organized as follows: in section 2 we
have given the description of the new extension of
the generalized and improved (G/G) - expansion
method, in section 3 we used the method on Fisher
Equation to obtain solutions, in section 4 some
discussions are given, in section 5 conclusions are
presented.

Algorithms of New Extended Generalized and
Improved (G'/G) Method

Recently a new algorithm has been introduced
called the new extension of the generalized and
improved (G/G) - expansion method for NLEEs. So
to demonstrate this method, firstly a NLPDE is taken
with two real independent variables xand i.e.

u

u,.)=0 (2.1)

t? Txt?

P(uu u,u

where P is the polynomial and here u = u(x,t) is an
unknown function. In the polynomial P contains,
different partial derivatives of the function u itself
wherein involves the highest order derivatives and
the highest nonlinear terms. Now the prime process
of the method is being discussed in steps below:

Step1

Let us consider

u(x,t) = u(g), £ =x+ Wt ...(2.2)
where the constant term W is known as the speed of
wave, is substituted in eq (2.1), which allows a PDE
to convert an ODE with respect to & :
Q(u, U, u", u"...) =0, ....(2.3)
Step 2

Eq. (2.3) is being integrated term by term and if
needed it can be integrated more than once and
the integral constants may be set to zero to make

it easy to solve. Now the travelling wave solution of
Eq. (2.3) can be represented as.

N

N b.
u(@=2 a(d+HY +,Z( d+’H),

(2.4)

where a,, a,, or b, can be zero but all cannot
be zero at the same time, aj(j =0, 1, £2,... = N),
b/.(j =1, 2, 3,...), d is the arbitrary constant to be
determined later and H(&) is
H(E) = (G/G) ...(2.5)

where G = G(&) satisfies the nonlinear ordinary
differential equation (ODE) i.e.



ANIKA & HASIBUN, Orient. J. Phys. Sciences, Vol. 3 (2), 92-101 (2018) 94

LGG" - uGG' - 3(G'P- B(GF=0 ....(2.6)
where G"=dPG/dE?, G'=dG/dEand &, p, 3 & B are
the real parameters.

Step 3

We have settled the positive integer N by taking into
account the homogeneous balance between the
highest order derivative and the highest nonlinear
terms in Eq. (2.3). Then the value of N is substituted
in Eq. (2.4)

Step 4

We substitute the Eq. (2.4) along with Eq. (2.5)
into the Eqg. (2.3) and then a set of polynomials
and its derivatives are obtained. From the resulted
polynomials we equate all the coefficients of
(d+H), (j=0,+1,£2,...N) and (d + H), (=1, 2,
3,...N) to zero and consider as a system of algebraic
equations which can solved to determine unknown
parameters ai(j =0,+1,+2,...xN), bj (i=1,2,3,...N),
dand W.Consequently, we obtain the exact new non
travelling wave solutions of Eq. (2.1).

Step 5
With the general solution of Eq. (2.6), the solutions
for Eq. (2.5) are obtained as:

Family 1
Whenp =0, ¥ =A-8and Q =p2+ 4B(A - 8) > 0,

G\_nu szinh(£§]+Czcosh[£§]
H(f):[gj:ﬁu‘*’ ve ]+Csinh[r] &0

Q Q
q°°5h(ﬁ§ e

Family 2
When p=0,¥=X-8and Q=p2+4p(L-3) <0,

— ~Gsin ‘?’g +C, cos ‘/?5
H(é)z(%)zﬁ*f qcos[[é%’g]]m:m{[ég]] ..(2.8)

Family 3
When p=0,W=L-8and Q=p2+4p(L-3) =0,

H(E) = £j=i+ G
o G) 2¥ C +C¢E

(2.9)

Family 4
When p=0,¥Y=1-dandA=¥YB>0
(A JA
H@)_(gj_\/xqgnh[\yf]JrCZcosh[\Pf}
G) ¥ Clcosh[ﬂf}r(lsinh[@i] ....(2.10)
v : ¥
Family 5
When p=0,¥Y=1-dandA=¥Yp<0

B oo 5]
G co{‘/z‘ §}+q sin[‘/\j\ f]

S
v (2.11)

Application of the Method

Let us consider the equation to investigate and to
construct new non-travelling wave solutions by using
the new extended generalized and improved (G7/G)
expansion method.

The Fisher equation

u-u,-u(t-u)=0 ...(3.1)
By the wave transformation Eq. (2.2), the Eq. (3.1)
transforms into the following NLODE:
u"+Wu'+u-u2=0 ....(3.2)
Now by considering the homogeneous balance
between the nonlinear term u? and the highest order
derivative u" in Eq. (3.2), we have the value for N,

i.e. N=2 .Therefore the solution of Eq. (3.2) can be
mentioned as:

ui) =a,+a,(d+H)+a,(d+H?+(a, +b)
(d+H)"+(a,+b,) (d+H)? ..(3.3)

where a,, a, a, a,, a, b,, b, and d are constants
to be determined.

Substituting Eq (3.3) along with Eq (2.5) and (2.6)
into Eq (3.2) and by simplifying it transforms into
polynomials in (d + Hy (j = 0, +1, +2) and (d + H)?
(i=1,2,3,...). By collecting the resulted polynomials,
yields a set of simultaneous algebraic equations for
a, a, a,a, a,b, b, dand W. After solving the
system of algebraic equations with the aid of Maple,
we have obtained the following sets result for non-
travelling waves.
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Results of Non-travelling waves

Set 1
. . . . 1 2 2 2 _ _ _ 1 2 2
A=A, ‘uf—Zd‘P,é'fé‘,ﬁf—ﬁ(}t +4d™¥ ),Wfo,dfd, a, 7—@(—32 +4b,F )

—_h 3

a 15“0:§=a1:0= a,=0,b =b.b =b; (3.1.1)

-1

where, y- -5

Set 2

1

2 2vrsl 1
Affi, tti*Zd\I’,(SZ(S, ‘;777— 724 +4dT ,W*—O,d:d,azzf

¥’

(327 +45,%%),

a, :_b“ a, :-%} a =0, a, =0, bl :b1= b2 :b},; (312)

where, ¥=1-5

Set 3

1 2 2
A=A =g, 8= ——(A* 1P —44B), =B W=0,d=d,a, -
Hu=p 4‘6,( 1 —42p), B=P s

Yo (242 B’ + T2 d B

1

Y Ryin
(364 B*d —122° Bd +182°d” fu 18y B = 24pf° +3A°d —6°d° A’ +3u*d* +4X°b ),
1

—96,ud B’ —8A7h, B* + 485" +34°d"* — 6471 d* +3d" i1t + 2407 upd’® - 24,8 ﬁdj) A=

a, = W(M“(F AW V12 pd B AN B 3t d 127 d B 12 )4, =0, a, =0,
h=h,b=h; (3.1.3)
Set 4
A=A u=u, 5:%(7& +i +AAB), p=PB. W =0,d=d. a, :ﬁ(%mfﬂzdﬂ + 724 d* B
—96ud B’ -8, F +485* +3A°d* + 64 d* +3d* yt — 24 upd’ —244° B’ ), a, :—%ﬁz
(364° Bd +122° B*d 18X d" Bu 184 Bd* —24up* +30'd> + 647 d° 2 + 3’ d’ + 4AX'B B ),
a, = 8;}62 (Ad>+ 22 )2 d — A2 pd B+ AL+ p'd” — 4’ dp+4f° 1), a, =0, a,=0, b =},
b=b; (3.1.4)
Set 5

2

A=p, u=u,8=5,8=0,W=0,d=d, a, :iz(éd“qﬂ—ylbﬁépld%lzyd’q’), a, 1
M

(-12d°%* — b, — 1164 ~18ud* ¥ ), a, :%(642‘1’2 +u* =t 6d—6pu5d), @, =0,a,=0, b =bh,

b =b; (3.1.5)
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where, ¥=41-45

Set 6

A=—p u=u,5=6 B=0W=0,d=d, a, :Lz(ﬁd‘*qﬂ—ylbz +64°d" +124°d* —120ud’),
i

a, :7%(120’3‘}’2 + b+ 647 d —18ud* W), a, :%(6(12‘}’2 + it —6p°d —6u5d), a, =0, a, =0,

B=h,b=b; (3.1.6)
where, ¥=1-5
Set 7

1 3
&:ﬁ.,y:y,é':ﬁ(ﬂhr‘uz +4ﬁ,ﬁ), B=B.W=0,d=d,a,=-b,,a,=-b,aq, :W(dzj,z
R A pd AN B i d - A dB A ), q :f%ﬁz(fzymz —281° +d At +2d2% 07

3 2
+,u4d),azzw(ﬂ.2+yz) b =b.b, =b,: (3.1.7)
Set 8
1 1
A=A, p=p, 5:—@(127;:274&,6), B=P.W=0,d=d a,=-b,a,="b,a, :W(3d2;"2
62 Wi d 1220 udp— AN B+ 3t d 1240 d 127 i), a, 757(2;4)’12 —2pu* +dA’ —
3

2R ). o = s () b= by = (3.18)

Set 9

2

A=p pu=p, 8=8,=0,W=0,d=d, a,=b, a,=—b,a, :i(sd“y’- g’ +6p°d —6p5d),
u

1 6%’

aI:F(led‘}’zfé,u‘P), a,=———,b,=b,b,=b,; (3.1.9)

where, ¥ =1-6§

Set 10
1
A== p=p.8=8 =0.W=0,d=d.a,=—b, a,=—b, ay=—(6d"¥* + 1’ —6°d —6usd).
M
2
a, = #1—2(712(1‘112 6P —6u5), a, = 6% b, =b,, b =b,; (3.1.10)

where, ¥Y=4-6

96
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Set 11
—_ _ _ _ 1 2 D2 _ _ _ 1 2 2
A-)t,,u-—2d‘1’,é‘—6,,8——ﬁ(/l +164™97), W =0, d =d. a_l_—W(m +1285,97),
2
a, :7b1’ a, :%} a, =0, a, = 6;3: , bl :b1= b2 :bz; (3.111)
where, y=/1-6
Set 12
— — _ _ 1 2 22 _ _ _ 2 2
A=A p=—2d¥,5=35, ﬁsﬁ(% +164"¥*), W =0, d=d, a,rfw(fu +1285,%%),
1 62
a,=-b, aozz,q:O, a2:7,b1:b1,b2:b2; (3.1.12)

where, ¥=1-5

Non Travelling Wave Solutions
Substituting Eq. (3.1.1) in Eq. (3.3), along with Eq. (2.7) and simplifying, yields the following non-travelling
wave solution, (if C, # 0 and C, = 0)

(=g BT
2Qtanh’ [@é‘]
29
Substituting Eq. (3.1.1) in Eq. (3.3), along with Eq. (2.8) and simplifying, our obtained solution become, (if
C,#0and C,=0)

347 +4b,¥°

Nars)

ul, e,y =24 FAY
204 tan® [ié’J
¥

2

Substituting Eq (3.1.1) in Eq (3.3), along with Eq (2.9) and simplifying, our obtained solution become, (if
C,#0and C,=0)

3 (32 +4b,%)(C +C,&)
u13(x,l):5+( 28\112)0(21 %)
2

Similarly, substituting Eq. (3.1.1) in Eq. (3.3), along with Eq. (2.10) and simplifying, our obtained solution
become, (if C,#0and C, =0)

347+ 4b,W°

S{d‘{’ +\/Ztanh(g§]}

ul,(x,t) = %‘F

Substituting Eq. (3.1.1) in Eq. (3.3), along with Eq. (2.11) and simplifying, our obtained solution become,
(fC,#0and C,=0)

347 +4b,¥°

S{d\P - \/Kitan[\/? f]}z

>

3
ul,(x,1) = E+
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where & =x-Wt
Similarly, substituting Eq. (3.1.3) in Eq. (3.3), along with Eq. (2.7) - (2.11) and simplifying, our non-travelling
wave solutions become:

2¥(a, +b 49 (a,+b,)

) N ~
2dq‘+ﬂ+\/f_ltﬂnh[2@ ] {2d‘1’+y+\/(_2tanh(£§]}

ud (x,t)=a, +

2¥(a, +b) 49 (a,+b,)

+ =
2dq"+ﬂ\/f_h'tan{%§] {2d‘}‘+p—-\/§_ﬁtan{\/2§2§}}

ud, (x,t)=a, +

2% (a, +5,)(C, + C,&) 497 (a, +5,)(C, + C,EY
u3, (x,t):aOJr + >
24¥ (C+ CE)+ (G CE)+2YC, (2 (C+ CiE )+ u(C +C,E) + 29 C, )
Y(a,+b) ¥ (a,+b,)

ul, (x.t)=a,+

dllf+\/3tanh(§§} {dLI’Jr\/Ktanh(%f]} |

W(a, +b,) . ¥ (a,+b,)

w@tan{@ 5] {d‘l’—@m{ o f} ,

ul; (x.t)=a, +

1

where a, :W(u“aﬂ—642y2d1+1212pdﬁ—4ﬁ/32+3p4d2—12p3dﬁ+12ﬂ2p1),
a,=- /13 7 (364 Bd 120 B +182°d fu—1844 P’ = 28pf° +3°d —64°d* 2 +344'd’ +42°5 3,
a, ﬁ’( AL Fd ATl B -6udf 87D, [F + 48 +3X'd —67° pid +3d 1 + 247 i’ — 2440 Bt ),

b =b,, b,=b,and &= x—Wt.

Similarly, substituting Eq. (3.1.8) in Eqg. (3.3), along with Eq. (2.7), (2.9) and (2.11) and simplifying, our
obtained solutions become:

2¥ 4y
w8, (x.t)=a,+ % + %

2d‘i‘+;1+\/5tanh[£§} {2d‘l’+ﬂ+\/ﬁtanh[\2/§§]}
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@ {2d¥ (C,+Cy8 )+ u(Cy+ C8)+2¥C, G {2d¥ (C,+Cy& )+ u(C, + c*2§)+211'(12}2

u82(x,t):ao+ 2\P(C1+sz) 4T2(C1+C2§)2
al{d‘P—\/Kitan(‘/‘;_Afl} az{d‘y—@ftaﬂ[\/\?fJ}
u8, (x,t) =a,+ v + 2 ’

where a ,=-b,,a ,=-b,a,= %(Sdlﬂl —6A urd* +12%ud B 422 B + 3utd?

,lzySdﬁJrlzﬁz;ﬁ),al M?_ﬂl(zyﬁ;g 288 +dA 2d,12ﬂz+ﬂ4d)a2 8)3/3‘2( ;ﬂ] b =b,b,=b,
and £ =x-Wt

Similarly, substituting Eq. (3.1.10) in Eq. (3.3), along with Eq. (2.7), (2.9) and (2.11) and simplifying, our
non-travelling wave solutions become:

(6a%w? -3u* +3p5){2d‘11+ p+JQ tanh (‘2/‘?_1 5]}

10 (x,0) = (6d2‘~P" + o 6u’d - 6usd -
ut ¥

3{2d‘1’+y+\/ﬁtanh(\2/§§}}

2

+

- (69 =342 +3u5) {2d¥ (C,+C,€) +
ul0,(x,1) = 7 [m’\}l + 1 —6u°d —6udd — W (C+C)

7

+1(C,+C,E)+2¥C, | .3 [2d9(C,+C,E)+ (G + CE)+29C, )
2(C+GE)

2 2
0,(x,0) =— [6612‘1‘2 i 6d - Gusd - 24 sf’ Yous {d‘l‘\/gitan(—vq? é’D
u

+6[a"P \/than[%gﬂz i

where & =x—-Wt
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Discussions

Until now different methods have been used to
different equations for constructing non-travelling
wave solutions such as Zhang et. al.,?® investigated
by using generalized F- expansion method, Wang et.
al.,”® used the extended multiple Riccati equations
expansion method, then Xie et. al.,*® the improved
extended tanh function method by generalizing
the Riccati equation and so on. To our awareness
the Fisher Equation is investigated to seek neither
solutions for non-travelling wave nor exact solutions
by the basic (G' /G) method. But in this paper we
have used the new generalized and improved
expansion (G'/G) method to Fisher Equation and it
is important to point out that our obtained solutions
are new, concise and direct and can be used for
many other NLEEs.

100

Conclusions

In this article, the new extended generalized and
improved method has been applied in the Fisher
Equation successfully. In this method the auxiliary
equation involving many arbitrary parameters and
then the NLODE produces many new solutions.
The solutions obtained by using this method, show
that the method is effective and give concise and
straightforward solutions. Therefore, it can be said
that this method is powerful for constructing various
types of wave and non-wave solutions of NLEEs
those arise in every application of mathematical field.
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